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, 2 2 $f(x, y)=a(x^{2}+y^{2}),$ $a\in R$ ,
$x,$ $y,$ $t,$ $s\in R$ :
$f(x+t, y+t)+f(x-t, y-t)$ $=$ $2f(x, t)+2f(y, t)$ . (1.1)
$f(x+t, y-t)+f(x-t, y+t)$ $=$ $2f(x,t)+2f(y, t)$ . (1.2)
$f(x+t, y+s)+f(x-t,y-s)$ $=$ $2f(x, t)+2f(y, s)$ . (1.3)
$f(x+t,y-s)+f(x-t, y+s)$ $=$ $2f(x, t)+2f(y, s)$ . (1.4)
$f(x+s, y-t)+f(x-s, y+t)$ $=$ $2f(x, t)+2f(y, s)$ . (1.5)
(1.1) (1.2) 3 $x,$ $y,$ $t$ , $(1.3)-(1.5)$ 4
$x,$ $y,$ $t,$ $s$ , (1.3) $s=t$ (1.1) , (1.4), (1.5) $s=t$
(1.2) , (1.4) $s$ $t$ (1.5)
. $(1.1)-(1.5)$ 2 $f$
, .
(P-1) $(G, +)$ $(H, +)$ 2 . $f$ : $G\cross Garrow H$
$(1.1)-\cdot(1.5)$ , $f$ : $G\cross Garrow H$ $G$
2 ?
, (P-1) . ,
$(1.1)-(1.5)$ , $G$
2 ( 2 ) .
, (11) $y=x$ 1
$f(x+t, x+t)+f(x-t,x-t)=4f(x, t)$ (1.6)
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, 2 $f$ : $G\cross Garrow H$ (1.6) ,
. $G=H=R$ .
($x$ $y$ ) $f(x, y)=axy,$ $a\in R$ .
, $f(x, y)=axy$ , $x,$ $y,$ $t,$ $s\in R$
:
$f(x+t, x+t)-f(x-t, x-t)=4f(x, t)$ . (1.7)
$f(x+t, x+t)=f(x, x)+2f(x, t)+f(t, t)$ . (1.8)
$f(x+t, y+t)-f(x-t, y-t)$ $=$ $2f(x, t)+2f(y, t)$ . (1.9)
$f(x+t, y+s)-f(x-t, y-s)$ $=$ $2f(x, s)+2f(y, t)$ . (110)
$f(x+t, y+s)-f(x-t, y-s)$ $=$ $2f(x, s)+2f(t, y)$ . (111)
$f(x+t, y+t)$ $=$ $f(x, y)+f(x, t)+f(y, t)+f(t, t)$ . (112)
$f(x+t, y+s)$ $=$ $f(x, y)+f(x, s)+f(y, t)+f(t, s)$ . (113)
(1.7) (1.8) 2 $x,$ $t$ , (1.9) (112) 3
$x,$ $y,$ $t$ , (1.10), (1.11), (1.13) 4 $x,$ $y,$ $t,$ $s$
. (1.10) (1.13) $s=t$ , (1.9) (1.12) ,
(1.9) (1.12) $y=x$ , (1.7) (1.8) . (1.10) (111)
, .
2 $f(x, y)$ , $x,$ $y$
( 2 ) . $(1.7)-(1.13)$
, .
(P-2) $(G, +)$ $(H, +)$ 2 . $f$ : $G\cross Garrow H$
$(1.7)-(1.13)$ , $f$ : $G\cross Garrow H$
$G$ ?
, (P-2) . .
.
1. (1.9) (1.10) (1.12) (1.13) , .
2. (1.7) (1.8) , .
3. , (1.11) , .
4. , $f(x, -y)=-f(x, y)$ , (1.8)
.
2 3 . 4 , , $f$ : $RxRarrow$
$R$ , 2
$f(x+\alpha y, x+\alpha y)+\beta f(x-y,x-y)=\gamma f(x, y)+\delta_{1}f(x,x)+\delta_{2}f(y, y)$ (114)
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. , $\alpha$ $\gamma$ , $\beta,$ $\delta_{1},$ $\delta_{2}$ . ,
$f(x+t, y-t)-f(x-t, y+t)=2f(x,t)+2f(y,t)$ ,
$f(x+t, y-s)-f(x-t, y+s)=2f(x, s)+2f(y, t)$,




Definition 2.1 2 $(F1)$ $(F2)$ , $(F1)$
$(F2)$ , $(F2)$ $(F1)$ .
, $(F1)$ $(F2)$ , $(F1)$ $(F2)$ .
, . $(G, +)$ $(H, +)$ 2
.
Definition 2.2 (1) $A$ : $G\cross Garrow H$ ,
$x,$ $y,$ $z\in G$
$A(x, y)=A(y, x)$ , $A(x, y+z)=A(y, x)+A(x, z)$
.
(2) $B:G\cross Garrow H$ , $x,$ $y,$ $z\in G$
$B(x+y, z)=B(x, z)+B(y, z)$ , $B(x, y+z)=B(y, x)+B(x, z)$
.
$A:G\cross Garrow H$ . , $\alpha^{2}(x)\equiv A(x, x)$ ,
$A$ , $\alpha^{2}$ : $Garrow H$ 2 .
Theorem 2.1 $f$ : $G\cross Garrow H$ , $(2.1)-(2.5)$
:
$f(x+t,y+s)+f(x-t,y-s)$ $=$ $2f(x,t)+2f(y, s)$ . (2.1)
$f(x+t, y-s)+f(x-t, y+s)$ $=$ $2f(x, t)+2f(y, s)$ . (2.2)
$f(x+s, y-t)+f(x-s, y+t)$ $=$ $2f(x,t)+2f(y, s)$ . (2.3)
$f(x+t, y+t)+f(x-t, y-t)$ $=$ $2f(x, t)+2f(y,t)$ . (2.4)
$f(x+t, y-t)+f(x-t, y+t)$ $=$ $2f(x, t)+2f(y,t)$ . (2.5)
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, $x,$ $y,$ $t,$ $s\in G$ , . , $(2.1)-(2.5)$
$f$ : $G\cross Garrow H$ , $\alpha^{2}$ : $Garrow H$
$f(x, y)=\alpha^{2}(x)+\alpha^{2}(y)$ (2.6)
.
Theorem 2.1 , 2 Lemma .
Lemma 2.1 $f$ (2.4) (2.5) . , $f$ $x,$ $y\in G$
:
$f(x, y)=f(x, 0)+f(y,0)$ . (27)
$f(x,y)=f(y, x)=f(x, -y)=f(-x, y)=f(-x, -y)$ . (28)
$f(x+y, x-y)=2f(x, y)$ . (2.9)
( ) (2.4) , $t=0$ 2 (2.7) . (2.8) (2.9)
.
Lemma 2.2 $g$ : $Garrow H$ , $x,$ $y\in G$
$g(x+t)+g(x-t)=2g(x)+2g(t)$ (2.10)
, $A$ : $G\cross Garrow H$ $\alpha^{2}$ : $Garrow H$
$g(x)=\alpha^{2}(x)\equiv A(x, x)$ (2.11)
.
(Theorem 2.1 ) $f$ (2.4) (2.5) . $g$ : $Garrow H$ ,
$g(x)=f(x, 0)$ . , Lemma 2.1 $f(x, y)=g(x)+g(y)$
(2.4) (2.5) ,
$g(x+t)+g(x-t)+g(y+t)+g(y-t)=2g(x)+2g(y)+4g(t)$
, $y=x$ (2.10) . Lemma 2.2 ,
$f(x, y)=g(x)+g(y)=\alpha^{2}(x)+\alpha^{2}(y)$ .
Remark 2.1 Theorem 2.1 , $(2.1)-(2.5)$ $f$
:
$f(x+t, y+s)+f(x-t, y-s)=f(x+s, y-t)+f(x-s,y+t)$. $(W1)$
$f(x+t, y+s)+f(x-t, y-s)=f(x+t, y-s)+f(x-t, y+s)$ . $(W2)$
$f(x+t,y+t)+f(x-t, y-t)=f(x+t, y-t)+f(x-t, y+t)$ . $(W3)$
, S. Haruki $[4,5]$ , $(W1)-(W3)$
$(2.1)-(2.5)$ , $(W1),$ $(W2)$ $(W3)$ (




, (2.4) $y=x$ $t=y$ . $f(x, y)=\alpha^{2}(x)+\alpha^{2}(y)$
1 , .
$G=H=R$ , 4 (2.12) . (2.12)
. (2.12) ,
$f(x, y)= \frac{1}{4}(F(x+y)+F(x-y))$ (2.13)
. ,
$F(x)=\{\begin{array}{ll}x^{2}p_{+}(\frac{l}{1}04og^{\frac{x}{2})} (x>0)0 (x=0)x^{2}p_{-}(^{1oA-\Delta x}\log 2) (x<0),\end{array}$ (2.14)
, $P+,$ $P-:Rarrow R$ 1 . , $f(x, y)$
. 1 (2.12) .
$f(x, y)=\{\begin{array}{l}\frac{1}{4}((x+y)^{2}\ovalbox{\tt\small REJECT} 2\pi 1ox+\log 2+(x-y)^{2}\sin\frac{2\pi\log|x-y|}{\log 2})(x+y\neq 0, x-y\neq 0)\frac{1}{4}(x^{2}si^{2\pi 12x}n_{\log 2}^{\ovalbox{\tt\small REJECT} 0})(x=-y, x\neq 0X Jx=y, x\neq 0)0(x=y=0)\end{array}$ (2.15)
$a$ $:= \lim\frac{f(x,x)}{x^{2}}$ (2.16)





Theorem 3.1 $f$ : $G\cross Garrow H$ , $(3.1)-(3.4)$ ,
:
$f(x+t, y+t)-f(x-t,y-t)=2f(x, t)+2f(y,t)$ . (3.1)
$f(x+t, y+s)-f(x-t, y-s)=2f(x, s)+2f(y,t)$ . (3.2)
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$f(x+t, y+t)=f(x, y)+f(x, t)+f(y, t)+f(t, t)$ . (3.3)
$f(x+t, y+s)=f(x, y)+f(x, s)+f(y, t)+f(t, s)$ . (3.4)
, $x,$ $y,$ $t,$ $s\in G$ , . , $(3.1)-(3.4)$
$f$ : $G\cross Garrow H$ , $A:G\cross Garrow H$
$f(x, y)=A(x, y)$ (3.5)
.
(3.5) $f$ $(3.1)-(3.4)$ . (3.2) $f$ (3.1)
, (3.4) $f$ (3.3) . Theorem 3.1 , (3.1)
(3.5) , (3.3) (3.5)
. (3.3) (3.5) , Theorem 2.1
. , (3.1) (3.5) . ,
3 Lemma .
Lemma 3.1 $f$ (3.1) . $g$ : $Garrow H$ , $g(x)=f(x, x)$
. , $g$ $x,$ $t\in G$ :
$2g(x+2t)-4g(x+t)+4g(x-t)-3g(x-2t)=0$. (3.6)
( ) (3.1) $x=y$ ,
$4f(x,t)=f(x+t,x+t)-f(x-t,x-t)=g(x+t)-g(x-t)$ . (3.7)
$f(O, O)=g(O)=0$ . (3.1) 4 (3.7)
$g(x+y+2t)+2g(x-t)+2g(y-t)=g(x+y-2t)+2g(x+t)+2g(y+t)$ (3.8)
. (3.8) $y=t$ $g(O)=0$
$g(x+3t)-2g(x+t)+g(x-t)=2g(2t)$ . (3.9)




(3.11) $x$ $x+t$ (3.11)
$g(x+3t)-3g(x+2t)+2g(x+t)+2g(x)-3g(x-t)+g(x-2t)=0$ . (3.12)
(3.10) (3.11) (3.6) .
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Lemma 3.2 (S. Haruki [6]) $g$ : $Garrow H$ $x,$ $t\in G$ (3.6)
, $g$ $x,$ $t\in G$
$\Delta_{t}^{3}g(x)\equiv g(x+3t)-3g(x+2t)+3g(x+t)-g(x)=0$ (3.13)
. , $\Delta_{t}$ $\Delta_{t}g(x)=g(x+t)-g(x)$ .
Lemma 3.3 (S. Mazur and W. Orlicz [9]) 3
$\Delta_{t}^{3}g(x)=0$ (3.14)
$g:Garrow H$ , 2
$g(x)=\alpha^{0}+\alpha^{1}(x)+\alpha^{2}(x)$ (3.15)
. , $\alpha^{0}$ , $\alpha^{1}$ : $Garrow H$ , $\alpha^{2}$ : $Garrow H$ ,
.
(Theorem 3.1 ) $f$ (3.1) . Lemma 3.1 $g(x)=f(x, x)$
, (3.6) . Lemma 3.2 Lemma 3.3 $g$ .
(3.1) $\alpha=0,$ $\alpha^{1}(x)=0$ , $g(x)=\alpha^{2}(x)=A(x, x)$ .
(3.7) 4 , $f(x, y)=A(x, y)$ .
$f(x+y, x+y)-f(x-y,x-y)=4f(x, y)$ (3.16)
, (3.1) $y=x$ $t=y$ . $f(x, y)=$
$A(x, y)$ 1 , . $G=H=R$ ,
(3.16) . , (3.16)
$F(x)=\{\begin{array}{ll}x^{2}p_{+}(\frac{1}{1}oAog^{\frac{x}{2})} (x>0)0 (x=0)x^{2}p_{-}(10_{\log 2}\cup) (x<0)\end{array}$ (3.17)
,
$f(x, y)= \frac{1}{4}(F(x+y)-F(x-y))$ (3.18)
. , $P+’ P-:Rarrow R$ 1 .
$f(x+y,x+y)=f(x, x)+2f(x, y)+f(y, y)$ (3.19)
, (3.3) $y=x$ $t=y$ . $G=H=R$ (3.19)
, $F(x)$ (3.17)
$f(x, y)= \frac{1}{2}(F(x+y)-F(x)-F(y))$ (3.20)
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., 2 . ,
(cf.[l]) . ,
Haruki [7] .
Theorem 3.2 $f$ : $G\cross Garrow H$ , $x,$ $y\in G$ 2
$f(x+y, x+y)=f(x,x)+2f(x, y)+f(y, y)$ , (3.21)
$f(x, -y)=-f(x, y)$ (3.22)
, $A:G\cross Garrow H$
$f(x, y)=A(x, y)$ .
Theorem 3.3 $f$ : $G\cross Garrow H$ ,
$f(x+t, y+s)-f(x-t, y-s)=2f(x, s)+2f(t, y)$ (3.23)
. , $x,$ $y,$ $t,$ $s\in G$ . , (3.23)
$f$ : $G\cross Garrow H$ , $B$ : $G\cross Garrow H$ $f(x, y)=B(x, y)$
. .
Theorem 3.3 , 1
(3.23) .
4
Acz\’el and Kuczma $[2,3]$ , Folk Theorem
.
Theorem 4.1 $\alpha$ $\gamma$ , $\beta,$ $\delta_{1},$ $\delta_{2}$ . $f$ : $R\cross Rarrow R$
,
$f(x+\alpha y,x+\alpha y)+\beta f(x-y,x-y)=\gamma f(x, y)+\delta_{1}f(x, x)+\delta_{2}f(y,y)$ (4.1)
. , $x,$ $y\in R$ . $1+\beta\neq\gamma+\delta_{1}+\delta_{2}$
$\gamma+\delta_{1}+\delta_{2}>0,$ $\neq 1$ , (4.1)
$f(x, y)= \frac{1}{\gamma}(F(x+\alpha y)+\beta F(x-y)-\delta_{1}F(x)-\delta_{2}F(y))$ (4.2)
. ,
$F(x)=\{\begin{array}{ll}x^{m}p_{+}(\frac{10}{\log(}s1^{\frac{x}{+\alpha)}}) (x>0)0 (x=0)(-x)^{m}p_{-}(AA^{x}) (x<0)\end{array}$ (4.3)
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t $m= \frac{\log(\gamma+\delta_{1}+\delta_{2})}{\log(1+\alpha)}$ , $P+’ P-$ : $Rarrow R$ 1 .
$a_{+}:= \lim_{xarrow 0+}\frac{f(x,x)}{x^{m}}$ , $a_{-;=\lim_{xarrow 0-}\frac{f(x,x)}{(-x)^{m}}}$ (4.4)
, (4.1) $f(x, y)$
$F(x)=\{\begin{array}{l}a_{+}x^{m}(x\geq 0)a_{-}(-x)^{m}(x<0)\end{array}$
, (4.2) .
, 1 . $R$
$f(x+y, x+y)+f(x-y,x-y)=4f(x, y)+6f(x,x)+6f(y, y)$ (4.6)
.
$a:= \lim_{xarrow 0}\frac{f(x,x)}{x^{4}}$
, (4.6) $f(x, y)$
$f(x, y)=-a(x^{4}-3x^{2}y^{2}+y^{4})$ (4.7)
. (4.7) (4.2) (4.2), (4.3)
.
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